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ON THE PICARD GROUP OF MODULI SPACES
KIRTI JOSHI AND V. B. MEHTA
Abstract. We study the Picard groups of moduli spaces in positive character-
istics and we give a “p-adic” proof that the Picard group of moduli of vector
bundles of fixed determinant is isomorphic to the group of integers. Along the
way we prove that the local fundamental group scheme of a normal unirational
projective variety is trivial. This is reminiscent of results of Serre and Nygaard
who studied the fundamental groups of smooth, projective, unirational varieties.
1. Introduction
1.1. Notations. Throughout this paper, we work over an algebraically closed field
k and we will assume that k has characteristic p > 0 unless stated otherwise (the
letter p will be reserved for the characteristic of k). The letter ℓ will denote a prime
distinct from characteristic of k (so ℓ 6= p).
Let C/k be a smooth, projective curve over k of genus g ≥ 2. Let L ∈ Pic (C) be
a line bundle on C, and let M(r, L) be the moduli of semistable vector bundles on
C of rank r and determinant L.
It is well-known, that if the degree deg(L) = d is coprime to the rank r, then
M(r, L) is a smooth, projective variety; if the degree and the rank are not coprime,
then M(r, d) is singular in general (the exception is genus g = 2, L = OC , r = 2).
When k has characteristic zero, the Picard groups of M(r, L) have been studied
in [DN89] where it has been shown that Pic (M(r, L)) = Z. In characteristic p > 0,
one expects this result but as far as we are aware, the result has not been estab-
lished in literature. The proof of [DN89] does not seem to adapt readily to positive
characteristics because of the failure of “Kempf’s Lemma” which is crucial in the
proof of [DN89].
In this note we prove that Pic (M(r, L)) = Z in the following cases (1) the coprime
case and (2) in the case when L = OC . Our proof is, in some sense, “a p-adic” proof
and has the merit of working uniformly in all cases and may also work in the case
of moduli of G-bundles (G semi-simple) though we have not verified this at the
moment.
As was pointed out to us by Norbert Hoffmann, that the fact that the Picard
group of the moduli space of vector bundles on a curve is Z can also be established
by using the relationship between moduli spaces and moduli stacks especially the
corresponding results for moduli stacks (see [BLS98] and its references for charac-
teristic zero case and [Fal03, BH08] for positive characteristic) and the methods of
[BLS98]. This is, of course, of independent interest but we do not pursue this point
of view here. Instead we show how the result on the Picard group may be established
by a study of the local fundamental group scheme of the moduli space. In the course
of this we establish that the local fundamental group scheme of a normal unirational
variety X is trivial (a result of independent interest) and in particular, if its e´tale
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fundamental group is also trivial, then we deduce that H1(X,OX) is zero for such a
variety. This should be thought of as a complement to results of [Ser59], [Nyg78] and
[Nor82] on the e´tale fundamental group (scheme) of smooth, unirational varieties.
To summarize our strategy in brief: we prove that the local fundamental group
scheme (which classifies F -trivial vector bundles) is trivial. Using this we prove that
Pic (M(r, L)) is reduced and discrete. Next we show that Pic (M(r, L)) is torsion-
free so we reduce to computing the rank of the Ne´ron-Severi group. This in turn
is easily reduced to showing that the second betti number of M(r, L) is one (in the
cases of interest).
We would like to thank Norbert Hoffmann and Georg Hein for conversations. This
work was done while the first author was visiting the Tata Institute of Fundamental
Research and he would like to thank the Institute for its hospitality.
2. Unirationality of M(r, L)
2.1. Let X/k be a projective variety, we will say that X is unirational if there is a
dominant, separable morphism Pn → X for some n ≥ 1.
2.2. In this section we recall that M(r, L) is a unirational variety. In characteristic
zero this is proved in [Ses82] and in positive characteristic this is proved in [Hei].
Theorem 2.2.1. Let C be a smooth, projective curve and let L be a line bundle on
C, let M(r, L) be the moduli space of semistable vector bundles on C of rank r and
with determinant L. Then M(r, L) is a unirational variety.
3. The fundamental group scheme of a normal unirational variety
3.1. In [Ser59] it was shown that any smooth, projective unirational variety over
an algebraically closed field of characteristic zero has trivial fundamental group.
This result was subsequently extended to smooth, unirational threefolds in positive
characteristic in [Nyg78].
The main result of this section is to prove that if X is a normal unirational
variety, then its local fundamental group scheme is trivial. We recall that the local
fundamental group scheme, denoted here by πloc(X), was introduced in [MS02]. We
also note that when X is a smooth, unirational variety the result follows from [Nor82]
as πloc is a quotient of πNori(X) and it was shown in [Nor82] that the latter is trivial.
Theorem 3.1.1. Let X/k be a normal, unirational variety. Then πloc(X) = 1.
3.2. Let us record the following important corollary of Theorem 3.1.1.
Corollary 3.2.1. Let X/k be a normal, unirational variety. Assume that X is
simply connected. Then H1(X,OX) = 0.
Proof. As X is simply connected, we see that every e´tale Z/p-cover is trivial. By
[SGA73] the semi-simple part of F : H1(OX)→ H
1(OX) is controlled by e´tale Z/p-
covers of X so the semi-simple part is trivial by our hypothesis that X is simply
connected. Hence we conclude that the action of Frobenius on H1(X,OX) is purely
nilpotent. Suppose, if possible that, H1(X,OX) is not trivial. Let V be a non-trivial
extension of OX by OX . As F is nilpotent on H
1(X,OX), we see that V is F -trivial.
By Theorem 3.1.1 we see that V is trivial. This is a contradiction as we had assumed
that V is non-trivial. This completes the proof. 
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3.3. The proof of Theorem 3.1.1 is somewhat delicate and we will be break it up into
several steps. Before we begin with the proof, we need some notational detail. Recall
that X is unirational, so there exists a dominant, separable morphism Pn → X for
some n ≥ 1. Blowing up and normalizing if required, we may assume that we have a
morphisms Z → Pn and Z → X which makes the diagram commute and the arrow
Z → Y → X is the Stein factorization of Z → X .
(3.3.1) Z

//
  B
B
B
B
B
B
B
B
Y

Pn // X
Proposition 3.3.2. In the notation of the diagram 3.3.1 above we have πloc(Z) = 1.
Proof. Suppose that V is an F -trivial vector bundle on Z. Then we may assume
that F ∗(V ) = OrZ for r = rk (V ). Let B
1
Z be the sheaf of locally exact differentials.
Alternately, we may define B1Z be the short exact sequence of sheaves
(3.3.3) 0→ OZ → F∗(OZ)→ B
1
Z → 0.
We claim that V ⊗B1Z has no sections and in fact V has exactly r = rk (V ) sections.
Suppose, if possible, that H0(B1Z ⊗ V ) 6= 0. Then we have a non-zero map
V ∗ → B1Z . But the Harder-Narasimhan flag of B
1
Z has negative slopes (this is so
because the restriction of B1Z to a suitable open set is isomorphic to the restriction
of B1Pn to an open set whose complement has codimension at least two and the latter
is easily seen to have negative slopes), while that of V ∗ has non-negative. So such
a map must be zero. Thus we have proved that B1Z ⊗ V has no sections. Now we
show that this implies that V has r = rk (V ) sections.
Tensoring (3.3.3) with V gives
0→ V → F∗(OZ)⊗ V → B
1
Z ⊗ V → 0.
Hence we have from the cohomology long exact sequence:
0→ H0(V )→ H0(F ∗(V ))→ H0(B1 ⊗ V ) = 0
and H0(F ∗(V )) = H0(OZ)
r.
So V has numerically trivial determinant and H0(V ) = r = rk (V ) and F ∗(V )
is trivial and such a V is semistable (with respect to any polarization of Z). By
[Ein80, Lemma 3.4, page 59], such a V is trivial.
This proves the assertion. 
Proposition 3.3.4. We claim that for Y as in the diagram 3.3.1, we have
πloc(Y ) = 1.
Proof. Observe that if f : Z → Y has connected fibres so f∗(OZ) = OY . Suppose
that V is an F -trivial vector bundle on Y . Then f ∗(V ) is F -trivial on Z so by
Proposition 3.3.2 we see that f ∗(V ) = OrZ for some r ≥ and as f∗(OZ) = OY we see
that V = OrY . This proves the assertion. 
Theorem 3.3.5. Let X be a normal unirational variety over an algebraically closed
field of characteristic p > 0. Then we have πloc(X) = 1.
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Proof. We may assume that we have a diagram 3.3.1. Suppose V is an F -trivial
vector bundle on X . Suppose E → X is a finite group scheme cover over which V is
trivial. Now the pull-back, to Y , of V arises from E×X Y → Y . But as the pull-back
of V to Y is trivial by Proposition 3.3.4, so we have a section Y → E×X Y → E, so
by composition have a map Y → E. On the other hand, as Y is reduced, this map
factors as Y → Ered → X . But Y → X is separable, so Ered ≃ X , but this gives a
section X → Ered → E which is a contradiction. 
4. M(r, L) is simply connected
4.1. In this section we outline a proof that M(r, L) is simply connected. When
k has characteristic zero, this is immediate from [Ser59] by the unirationality of
M(r, L).
Proposition 4.1.1. We have πet1 (M(r, d)) = 1, that is, M(r, L) is simply connected.
Proof. This is proved using the fact that M(r, L) lives in a family over W = W (k)
the ring of Witt vectors of k. Indeed by [VBM08], we know that there is a moduli
scheme M(r, L) → Spec(W ) whose special fibre is our M(r, L). Moreover, in char-
acteristic zero, it is well-known, that M(r, L) is simply connected. Now we use the
specialization theorem of [sga71, Sect. 2, Corollary 2.4, Expose´ X] to deduce that
M(r, L)/k is also simply-connected. 
5. The coprime case
5.1. Let us first consider the case when the degree d = deg(L) and the rank r are
coprime. In this case M(r, L) is a smooth, projective variety, and hence we will
refer to this case (of coprime degree and rank) as the “smooth case”. This case also
explains our strategy of proof. Let us recall what we want to prove.
Theorem 5.1.1. Assume that L is a line bundle on C of degree d and that (r, d) = 1,
then we have Pic (M(r, L)) = Z.
Lemma 5.1.2. Under the hypothesis at the beginning of this section, we have
Pic (M(r, L)) has no ℓ-torsion for ℓ 6= p.
Proof. This follows from Lemma 4.1.1: as πet1 (M(r, L)) = 1, we see that M(r, L)
does not admit any Z/ℓm-covers for any m ≥ 1. On the other hand, if Pic (M(r, L))
has ℓ-torsion for some ℓ, then certainly M(r, L) has e´tale Z/ℓm-covers for this ℓ and
some m ≥ 1. 
Lemma 5.1.3. Under the hypothesis at the beginning of this section, we have the
following
(1) H1dR(M(r, L)/k) = 0,
(2) H2cris(M(r, L)/W ) is torsion free,
(3) Pic (M(r, L)) has no p-torsion.
Proof. By [Ill79] we have the implications (1)⇒ (2)⇒ (3). But for the convenience
of the reader we will prove all of them.
Since M(r, L) is unirational by [Ser59], we have H0(M,Ω1
M
) = 0 and we have
already established that H1(M,OM) = 0, so we have the vanishing of the H
1
dR as
required for (1).
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To prove (2) we note that by the universal coefficient theorem (see [Ill79]) we have
0→ H1cris(M(r, L)/W )⊗Wk → H
1
dR(M(r, L)/k)→ Tor1(H
2
cris(M(r, L)/W ), k)→ 0.
By (1) the term in the middle is zero so we are done, and in particular we have also
proved that
H1cris(M(r, L)/W ) = 0.
From Corollary 3.2.1 we know that H1(M(r, L),OM(r,L)) = 0, it follows that
Pic (M(r, L)) is reduced and discrete. Hence Pic (M(r, L)) ≃ NS(M(r, L)). By
[Ill79], we have
NS(M(r, L))⊗W →֒ H2cris(M(r, L)/W ),
so the former is torsion free follows from the fact that the latter is torsion free.
Thus we have proved all the assertions. 
Proposition 5.1.4. Under the hypothesis that the degree and the rank are coprime,
we have that the rank of Ne´ron-Severi group of M(r, L) is one.
Proof. Since NS(M(r, d)) →֒ H2cris(M(r, L)/W ), its suffices to prove that the latter
has rank one. We may compute the rank after tensoring with Qp. So it suffices to
compute the second Betti number b2(M(r, L)). By [KM74] this may be computed
using ℓ-adic cohomology instead of crystalline cohomology.
Now we may further reduce to the case when k is a finite field. So we will assume
for the rest of the proof that k is a finite field. In this case the required Betti number
may be extracted from the computation of the Poincare´ polynomial of M(r, L) (see
[HN75]). We carry out this computation now.
Following Harder and Narasimhan (see [HN75]), let
Zm(T ) =
(1 + T 1−2m)2g
(1− T−2m)(1− T 2(1−m))
,
and let
P (T ) = T 2(r
2
−1)(g−1)Z2(T ) · · ·Zr(T ).
Then expand P (T ) as a power series in T−1, say
P (T ) = T 2(r
2
−1)(g−1)
∞∑
v=0
bvT
−v.
Then
bv = dimH
v
et(M(r, L),Qℓ)
for 0 ≤ v ≤ 2((r − 1)(g − 1) + d (here d = deg(L)). So to prove the assertion that
b2 = 1, it suffices to prove that coefficient of T
−2 in the expansion of Z2(T ) · · ·Zr(T )
is one. Now writing this out we have
Z2(T ) · · ·Zr(T ) =
r∏
j=2
(1 + T 1−2j)2g
(1− T−2j)(1− T 2(1−j))
.
As j ≥ 2, the only term which contributes as T−2 in
∑
v bvT
−v is the term 1
(1−T 2(1−j))
for j = 2, and as this is
1
1− T−2
= 1 + T−2 + T−4 + · · · ,
so this term contributes exactly one to b2 and so we see that b2(M(r, L)) = 1.
This completes our proof in the coprime case 
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6. The trivial determinant case
6.1. We now consider the case when L = OC . In this case the moduli space is
singular and we do not know a simple formula for the Poincare´ polynomial which is
valid in arbitrary characteristics. Hence to compute the Betti number b2(M(r,OC))
we have to resort to calculating the Betti number in characteristic zero. This calcu-
lation is well-known, but we indicate a proof for completeness.
Theorem 6.1.1. Let C be a smooth, projective curve of genus g ≥ 2 over an alge-
braically closed field k of characteristic p > 0. Then we have Pic (M(r,OC)) = Z.
Proof. For simplicity of notation let us write X = M(r,OC) for the moduli space
of semistable bundles of rank r and trivial determinant. Then we have shown that
H1(X,OX) = 0 and hence we deduce that Pic (X) is a discrete scheme. Next we
observe that Pic (X) has no p-torsion or ℓ-torsion. Let us first consider p-torsion.
Then as πloc(X) = 1, we see that X has no αp or µp covers. Further as
H1(X,OX) = 0
and as H1(X,Z/p) is the semisimple part of the Frobenius map H1(X,OX) →
H1(X,OX) so H
1(X,Z/p) = 0. Hence X has no e´tale p-covers. So Pic (X) has
no p-torsion. Next as πet1 (X) = 1 we see that X does not have ℓ-covers for any
ℓ 6= p. Thus Pic (X) has no ℓ-torsion. So Pic (X) is torsion free as claimed. Thus
Pic (X) = NS(X). Next we remark that by [Gro68, Page 145] that NS(X)⊗Qℓ →
H2′et(X,Qℓ(1)) is injective. This is a standard argument but we give a proof for
completeness. Let Gm be the multiplicative group scheme. Then we have an exact
sequence (for each n ≥ 1) of sheaves for the e´tale topology:
(6.1.2) 1→ µℓn → Gm → Gm → 1,
This induces a long exact sequence
(6.1.3) · · ·H1(X, µℓn)→ Pic (X)→ Pic (X)→ H
2(X, µℓn)→ · · ·
From this we extract
(6.1.4) 0→ Pic (X)/ℓn → H2(X, µℓn)→ Br
′(X)[ℓn]→ 0.
where Br′(X) = H2(X,Gm) is the cohomological Brauer group of X and Br
′(X)[ℓn]
is its ℓn torsion. In the inverse limit we get (see [Gro68, Page 145])
(6.1.5) 0→ NS(X)⊗ Zℓ → H
2(X,Zℓ(1))→ TℓBr
′(X)→ 0,
where TℓBr
′(X) is the ℓ-adic Tate module of Br′(X). At any rate this shows that
the rank of NS(X) is at most b2(X) (the second Betti number of X); since X is
projective the rank is at least one. So it remains to prove that b2(X) = 1. This is
the content of the next proposition. 
Proposition 6.1.6. Let C be a smooth, projective curve over an algebraically closed
field k of characteristic p > 0. Let M(r,OC) be the moduli of semistable vector
bundles on C of rank r and trivial determinant. Then we have
b2(M(r,OC)) = dimH
2
et(M(r,OC),Qℓ) = 1.
Proof. Let W = W (k) be the ring of Witt vectors of k, let K be the quotient field
of W . Then we have a family M→ Spec(W ) whose special is M(r,OC) and whose
generic fibre is M(r,OCK)K for some lift CK of C to K. By the proper base change
theorem, to prove our assertion it suffices to prove that H2et(M(r,OCK ),Qℓ) has
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dimension one. Thus we reduce to calculating the Betti number in characteristic
zero. So we may assume that k = C and that C/k is a smooth, projective curve of
genus g ≥ 2. In this case it is well-known, see for instance [BK05], that we have an
isomorphism
Pic (M(r,OC)) ≃ H
2(M(r,OC),Z),
and hence by the main result of [DN89] we deduce that the Betti number
b2(M(r,OC)) = 1.
This completes the proof of our assertion. 
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